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Using an app rox ima te  solution [1] a t ~ o - p a r a m e t e r  co r re l a t ion  is obtained be tween the m a x i -  
ma l  supercool ing( the  Wilson point)  and the dis tr ibut ion of gasdynamic  p a r a m e t e r s  in the zone 
of spontaneous condensat ion for  a hypersonic  flow. One p a r a m e t e r  is the gas  ent ropy in the in- 
ject ion cup, and the o the r  is  the produc t  of the power - l aw  stagnation t e m p e r a t u r e  and the ra t io  
of the c h a r a c t e r i s t i c  d imension of c r i t i ca l  sect ion to the tangent of the nozzle  half -angle .  

1.  C o r r e l a t i o n  o f  M a x i m a l  S u p e r c o o l i n g  

In [2] an approx imat ion  method was  desc r ibed  for  evaluat ing condensat ion shocks in nozzles ,  entail ing, 
essent ia l ly ,  the de te rmina t ion  of the max imal  flow supercool ing by employing the p rocedu re  of [1]. Maximal  
supercool ing is at tained n e a r  the Wilson point, i ts  posi t ion in the nozzle  being de te rmined  by 

dy/dx  = dye/dx,  (1.1) 

where  y and Ye a re  the nonequi l ibr ium and equi l ibr ium degrees  of condensation;  x is the d i s tance  on the  nozzle  
axis .  Using the re la t ions  given in [1] for  the equi l ibr ium and nonequil ibr ium condensat ion r a t e s  found in [1] 
the re la t ion  (1.1) can be  wr i t t en  as follows: 
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where  L is  the heat of s t eam generat ion;  R is the gas  constant;  ~,, is the adiabat ic  index; a and b a r e  con-  
s tants ;  T is  the s ta t ic  t e m p e r a t u r e  at the Wilson point; p is the p r e s s u r e ;  Ps(T) is the sa tura t ion  p r e s s u r e  
at the t e m p e r a t u r e  T; and ~ is the growth ra t e  of  a drople t  [1]. 

The n o z z l e g e o m e t r y  andthe  s tagnat ion p a r a m e t e r s  appea r  only implici t ly in Eq. (1.2); if the shape of the 
nozzle  is specif ied exact ly,  then by using ( 1 . 2 ) a n u m b e r  of new re su l t s  can be obtained. A c l a s s  of nozz les  given 
by the fo rmu la  

A = A ~  * = (1 --: ( x , ' r , ) t g T ) L  i = 1,2 (1.3) 

is of i n t e re s t  in p r ac t i ce ,  where  A ~ is the c r o s s - s e c t i o n a l  a rea ;  r ,  is the c h a r a c t e r i s t i c  s ize  of the c r i t i ca l  
sect ion;  and T is  the angle be tween a g e n e r a t o r  and the nozzle axis .  

The re la t ion  (1.1) for  the Wilson points  is s i m i l a r  to the f ami l i a r  B r a y - F i r m e y  c r i t e r ion  [3-5] f o r t h e  
f reez ing  of phys icochemica t  re laxa t ion  of a high enthalpy flow. By employing the approach  desc r ibed  in [3, 4], 
the re la t ion  (1.2) is t r a n s f o r m e d  to fit the c l a s s  of nozzles  (1.3). 

It is known that  a rapid  p a r a m e t e r  change due to condensat ion begins  a l i t t le below the Wilson point. 
This  enables  us to employ the i sen t rop ic  condition for  flows of a supercooled  gas  andto  e x p r e s s t h e  d e r i v a -  
t ives  of k and p in (1.2) in t e r m s  of T and the flow ent ropy So: 

dk _ dk dY  dA . dp dp dT dA (1.4) 
dx dT dA dx ' dx dT dA dx ) 
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d A / d x  = i(tg y / r . ) A  l - i l l ,  

A = c(•  o - -  T)] i  ~(To/T) i / (x- l ) ,  

In p = •215 - -  1) In T - -  (So - -  S ' ) / R ,  

w h e r e  To i s  the  s t a g n a t i o n  t e m p e r a t u r e ;  S' i s  an  e n t r o p y  cons tan t .  Subs t i t u t ing  the  r e l a t i o n s  (1.4) into Eq. 

(1.2) one  o b t a i n s  an  e x p r e s s i o n  of  the  f o r m  

F ~ (z, T, So) (T  O T)(3i+J)/~-~To(X+l)/2~(z-l) , (1.5) c i - -  : r~ tg  ?, 
2T 0 - -  (z ~- 1) T 

w h e r e  c i i s  a c o n s t a n t  depend ing  on the  p h y s i c a l  p r o p e r t i e s  of  t he  g a s ;  F~ T,  S o ) i s  a funct ion  of  e n t r o p y  

and  of  s t a t i c  t e m p e r a t u r e  at  the  W i l s o n  po in t .  

If  o u r  c o n s i d e r a t i o n s  a r e  conf ined  to  tha t  r a n g e  of  s t a g n a t i o n  p a r a m e t e r s  fo r  w h i c h  the  s a t u r a t i o n  s t a t e  
i s  r e a c h e d  in the  h y p e r s o n i c  p a r t  o f t h e n o z z l e ,  t hen  i g n o r i n g  the  r a t i o  T / T  0 in (1.5),  a s  c o m p a r e d  wi th  2 / ( ~ +  1), 

one  o b t a i n s  the  f ina l  r e s u l t  

w h e r e  

c~Fi(• T, So) : if(r , ,  tg y, To), ( 1 . 6 )  

r tg y, To) : ( r . / tg  Y)T01 i(x-1)-I  2. (1.7) 

Equa t ion  (1.7) d e t e r m i n e s  the  s t a t i c  t e m p e r a t u r e  a t  t he  W i l s o n  p o i n t  o r  the  m a x i m a l  s u p e r c o o l i n g  a s  a 
func t ion  of t he  e n t r o p y  S o and  t h e  p a r a m e t e r  ~0. Then  in f lows  w i t h  equa l  v a l u e s  of  S o t h e  s a m e  v a l u e s  of 
m a x i m a l  s u p e r c o o l i n g  a r e  r e a c h e d  i f  t he  n o z z l e  g e o m e t r y  a n d  the  s t a g n a t i o n  t e m p e r a t u r e  v a r y  in a c c o r d a n c e  

wi th  the  cond i t ion  ~o = cons t .  

The  r e l a t i o n  (1.6) ,  a s  w e l l  a s  the  o r i g i n a l  equa t ion  (1.2) ,  ho lds  w i th in  t he  f r a m e w o r k  of  the  c l a s s i c a l  
c o n d e n s a t i o n  t h e o r y  fo r  any  s i m p l e  g a s .  F o r  a p a r t i c u l a r  c a s e  of e n t r o p y  c o r r e l a t i o n  (1.6) ,  f o r  f lows in 

c o n i c a l  n o z z l e s  ( i  = 2 ) ,  a n  e x p e r i m e n t a l  v e r i f i c a t i o n  can  b e  found in [6]. 

2 .  C o r r e l a t i o n  o f  D i s t r i b u t i o n  o f  G a s d y n a m i c  F u n c t i o n s  

The  s y s t e m  of  g a s d y n a m i c  e q u a t i o n s  u s u a l l y  a p p l i e d  to e v a l u a t e  c o n d e n s a t i o n  s h o c k s  i s  g iven  in a o n e -  

d i m e n s i o n a l  a p p r o x i m a t i o n  by  [7] 

p a A  + yQ : Q; [(t - y) /p]dp /dx  : - -udu/dx ' ,  (2.1) 

u:~/2 § opT - -  L y  = Ho, p = p R T ,  

w h e r e  p i s  the  d e n s i t y ;  Q is  the  f low r a t e ;  H 0 i s  the  s t a g n a t i o n  en tha lpy ;  and  Cp i s  the  hea t  c a p a c i t y .  

If the  g e o m e t r y  of  a n o z z l e  i s  known,  then  the  s y s t e m  (2.1) can  be  r e d u c e d  to the  equa t ion  

du ~ - cpT - -  L (t --  g) dy/dx + c p T  (1 -- g)(1/A) dA/dx (2.2) 
2d---?v = • -- 1) --  [(1 --  y)/u2](cpT -~ u ">) 

F o r  t he  i n i t i a l  c o n d e n s a t i o n  s t a g e  in t he  h y p e r s o n i c  flow zone  (y << 1, CpT << u 2) Eq. (22) can b e  r e d u c e d  to 

du 2 [due~ tdue\ z - -  t (cpT - -  L)  ~x ' ~ - -  t ~ t d A  
_ _  = - ~- ~ c p i  ~ x x '  (2.3) 

w h e r e  the  s u b s c r i p t s  y and  a denote  t h o s e  c o m p o n e n t s  of  t he  d e r i v a t i v e  (2.3) wh ich  a r e  due to the  p h a s e  o r  
t h e  g e o m e t r i c  e f f e c t s ,  r e s p e c t i v e l y .  Subs t i t u t i ng  (2.3) in to  the  equa t i ons  of  e n e r g y  c o n s e r v a t i o n ,  of  m o m e n t u m  
c o n s e r v a t i o n ,  and  of  s t a t e  fo r  t he  s y s t e m  (2.1),  one i s  a l s o  a b l e  to d e t e r m i n e  the  p h a s e  c o m p o n e n t s  in the  d e -  

r i v a t i v e s  of  t e m p e r a t u r e ,  p r e s s u r e ,  and  dens i ty .  Thus ,  

(du'-/2dx)u = ~pl(T)dy/dx; (dT/dx)~ = ~p2(T)dy/dx; (2.4) 

(dp/dx)u = ~a( T ,  So)dy/dx; (dp/dx)v : r  So)dy/dx.  

A c c o r d i n g  to  [2] the  r a t e  of  p h a s e  t r a n s i t i o n  at  t he  i n i t i a l  c o n d e n s a t i o n  s t a g e  i s  g iven  by  the  r e l a t i o n  

d y / d ,  = a ( p / R T ) ~ O ( d k / d ~ )  -~, 
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where  ~ is a constant;  �9 is the function of (1.2). 

By applying the approach used in See. 1 this equation can be rewri t ten as 

dy/dx = ~(p RT)(r3~g u~)(dk dT)-3(dA/dT)~(dA/dx) 3. 

i 7 I 

0 
075 1,0 ;,5 ~:c.lO "~" 

(2.5) 

In the hypersonic  approximation fo r the  c lass  of nozzles  (1.3), Eq. (2.5) togetherwi th  (1.4) can be reduced 

to the equation 

dy, dx -- aiD~(z, T, S,)[(r. tg 7)T0 I, (~--~)-2 :L (2.6) 

By combining the relat ions (2.4) and (2.6) one comes to the conclusion that at the initial por t ion of the 
condensation shock (close to the Wilson point) the phase components of any gasdynamic  functions only depend 
on entropy and on the maximal  overcool ing provided that the product  of x and the p a r a m e t e r  

= [(r./tg 7)To ~ ~(• 

is used as its argument.  In accordance  with the c lass ic  theory,  the p reh i s to ry  of the flow expansion p r io r  to 
the saturat ion state has no effect on spontaneous condensation. It is, therefore ,  obvious that for  the var iable  

x the distance to the saturation point X~ must  be employed. 

These conclusions have been verif ied by the evaluation of the condensation shocks for conical nozzles. 
The evaluation was based  on the equations in [7]. The growth rate of the drop was determined by using the 
equation proposed  in [2]. Nitrogen was used as genera to r  gas, and the functional dependence of the surface 
tension coefficient and liquid phase density on t empera tu re  was also taken into account [8]. 

The resul t s  for  three  different values of the entropy [S O = 5.3; 5.5; 5.7 J / g .  deg (the curves  1-3,  r e -  
spectively)] and for two different values of stagnation t empera tu re  [To = 300~ (continuous lines) and 500~ 
(dashed lines)] a re  shown in Figs. 1 and 2. The value of the p a r a m e t e r  ~ was the same in all var iants  (log ~= 

2.12; r . ,  em). 

In Fig. 1 the supereool ingof thef low AT is shown and in Fig. 2, the condensation degrees  and the rat ios  
T/T e as functions of the argument  x c = x~ ; x~ cm (T c is the t empera tu re  at the saturat ion point). 

The resu l t s  of calculations show a high degree of corre la t ion for the maximal  supercooling flow for  the 
p a r a m e t e r s  S o and ~. Moreover ,  the cor re la t ion  for  the distribution of gasdynamic functions is valid for  the 
initial stage, as well as for the entire spontaneous condensation zone; it also p o s s e s s e s  a high degree of ac -  
curacy  within a wide range of stagnation pa rame te r s .  

Using the obtained cor re la t ion  one can const ruct  a s imple but sufficiently accura te  engineering p ro -  

cedure for  calculating condensation shocks. 
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